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Motivation I: Iron
After 15 years of use of LDA/GGA + DMFT
Itinerant‐electron magnetism: Fe, Co, Ni

Nickel: seems to be DMFT metal (a broad circle of properties 
can be calculated with the same – and reasonable – U value)

Iron: qualitatively OK, quantitatively – not so impressive
Cobalt: intermediate case

Important: honest comparison with ARPES, with matrix 
elements, surface effects, etc. Just from spectral density you 
cannot say anything!



ARPES for 3d metals

Black – spin up, red – spin down
Upper panel – exper,lower - DMFT

Variation of U
does not help 

too much for Fe



Motivation II: High‐Tc superconductors
d‐wave paring itself is nonlocal effect (cannot be introduced on 

site)

Important role of (antiferro)magnetic fluctuations, interplay of 
magnetism and superconductivity

Pseudogap formation, node and antinode points at the Fermi 
surface, shadow Fermi surface etc. etc.

Cluster DMFT as the first step
Order parametrer on the bond

rather than on site



Not enough – most interesting nonlocal 
correlation effects should be treated in k‐space
Example: Van Hove filling and optimal doping in high‐Tc

superconductors (also – pseudogap, etc.)
Irkhin, Katanin & MIK, PRB 64, 165107 (2001); PRL 89, 076401 (2002)

Parquet approx.

Flattering of the band
(“fermion condensate”,

NFL behavior in a broad
range of doping) 



Motivation III: Graphene

Long-range
interactions

Crucially important!!!

Logarithmic remormalization of 
effective mass due to long-range
Coulomb interaction...

Phase diagram (semimetal vs
excitonic insulator

Renormalization of minimal
conductivity... 



Non-local correlations: DMFT-and beyond

Start from 
Correlated Lattice:
QMC has large
“sign” problem

Find the optimal
Reference System:
Dynamical Mean Field
Bath hybridization

Expand around
DMFT solution
Dual Fermions

Lattice DFDMFT



Beyond DMFT: Dual Fermion scheme

A. Rubtsov, MIK, A. Lichtenstein, PRB 77, 033101 (2008)

General Lattice Action

Reference system: Local Action with hybridization 

Lattice-Impurity connection:

Sum over momenta in ∆-terms cancels sum over sites! 



Dual Fermions II
Gaussian path-integral

with
new action:

Diagrammatic:

g and ‘, from DMFT impurity solver
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Basic diagrams for dual self-energy

Lines - dual Green’s function. 

=0



Condition for  and relation with DMFT
To determine , we require that Hartree correction in dual variables 
vanishes. If no higher diagrams are taken into account, one obtains 

DMFT

Higher-order diagrams give corrections to the DMFT self-energy, 
and already the leading-order correction is nonlocal

k,)= DMFT)+dk,)/[1+gdk,)]

Gd=GDMFT-g

Ladder summation for four-leg
Vertex only – approximation by

default



Hamiltonian action with local in time,
but large (tall and beatiful) U

Non-Hamiltonian action with retarded
V, formally including all orders
of interaction (but negligible!)

(troubles,
troubles)

Why do we do this? 

Transformation of a beautiful princess
to an ugly frog

1. DMFT is now our zeroth-order approx.,
all nonlocal effects are already there in

the best possible way

2. There is a very efficient way to calculate
all correlators for the impurity problem by 

CTQMC

3. Simplest sequences of diagramms are good 
enough (sometimes)



Triangular Lattice‐ VHS

Van Hove sinqularity at filling   
n=2/3 



Extended van Hove singularity: Fermion Condensate

Spectral Function

FS

U=8

U=0

N(k)

Ladder DF approx.

The effect survives at relatively
high temperatures, may be suitable
for the observation in optical lattices

Microscopic realization of the
fermion condensate



Dual Fermions for Real Materials: Layered Cobaltate

The model: mapping on a1g band
only (blue). Giant VHS – should be
the main effect. Dual fermions in

ladder approximation  

Band splitting beyond DMFT

Physics: bound state (spin polaron)
in FM t-J model
(MIK 1982)

t - hopping
J - exchange



Non‐local Coulomb interactions

General non-local action for solids:

Atomic action with local Hubbard-like interaction

Bosonic charge and spin variables: 



Dual Bosons for non‐local Interactions
Separate local and non-local effective actions:

Impurity action with fermionic and bosonic bathes (CT-QMC)

Dual boson-fermion transformation: 



Dual Bosons for non‐local Interactions II

Diagrams: 

Technically: Hubbard-Stratonovich 
transformation



Diagrammatic scheme
Bosonic Selfenergy Fermionic Selfenergy

Renormalized vertex:

Fermionic and Bosonic Green Functions 

Ladder summation:

= sum of



Conservation laws
Charge conservation law

As a consequence

In 3D for metals

Exact G and no vertex

If Sigma is nonlinear in energy – charge conservation is
Violated (Baym 1962) 

Vertex is absolutely necessary, charge conservation
is provided by Ward identity (cf. Edwards & Hertz, 1973 for

magnons in the Hubbard model)

Very nontrivial: DB with ladder summation is fine in this sense
(but not with the lowest-order diagram only) - analytical proof and 

numerical check



Plasmons in strongly correlated materials

2D system (square lattice), half
filling, NN approx.,long-range
Coulomb interaction is added to the
Hubbard model 

Spectral function for plasmons (measured by EELS) 

Weak correlations – random phase approximation (RPA)
Well-defined plasmon branch

(some broadening at large q due
to Landau damping)

at small q

“Normal” behavior



Plasmons in strongly correlated materials II

Several types of e-h excitations
which can form plasmons?!

Ladder dual boson approximation

One can expect spectral
density transfer for 

plasmons



Plasmons in strongly correlated materials III

In Mott insulator phase
no plasmons at small q

In strongly correlated 
metals spectral density

transfer

Change of plasmon dispersion
(rather linear than square root,
except very small q)



Ultracold gases in optical lattices

Phase diagram of dipoles in 2D square lattice from (ladder) DB,
calculation of charge susceptibility from the side of high temperatures



Ultracold gases in optical lattices II

Exotic phases with 
“ultra-long-range order”

Corresponds to real experimental conditions (about 10 nK)



Charge ordering

Charge ordering U-V model, T = 0.02
Square lattice



Summary

• DF is an efficient scheme  to describe long‐range 
non‐local correlation effects. Improvement of 
DMFT

• DB allows to consider collective excitations (like 
plasmons, magnons) and “external” bosons on 
equal footing – looks promising! Improvement 
of EDMFT


