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. Minimal conductivity
. Scattering by point defects: Boltzmann

equation

. Scattering by point defects: bilayer

. Charge impurities and cluster formation
. Resonant scatterers

. Scattering by flexural phonons (ripples):

main mechanism for suspended samples?



sp? hybridization, 17 bands crossing
the neutrality point

Neglecting intervalley scattering:
massless Dirac fermions

FIG. 2: (color online) Band structure of a single graphene
layer. Solid red lines are ¢ bands and dotted blue lines are w

bands. Symmetry protected (T and I)




Minimal conductivity of the
order of e4/h per channel

Conductivity Is approx.
proportional to charge-
carrier concentration n
(concentration-independent
mobility).




ho femperature
dependence
in the peak
between 3 and 80K

Zzero-gap
semiconductor




Conductance = e%/h Tr T per valley per spin

171 the transmission probability matrix
The wave functions of massless

Dirac fermions at zero energy:

Boundary conditions determine the functions



f(y+L,) = f(y) Edge states near the top and bottom of the sample

New type of electron transport: via evanescent
waves — different from both ballistic and diffusive



|_eads from: doped graphnene

COS™ @

sing = ky,/kp

cosh”(kyL,) —sin® ¢

W
s

The problem of “missing pi(e)” — may be, no problem



RECENt
experiment

In very clean
samples min
conductivity Is
close to theor.
prediction

How Close Can One Approach the Dirac Point in Graphene
Experimentally?  Nano Lett. 2012, 12, 46294634

Alexander S. Mayorov,’r Daniel C. Elias,” Ivan S. Mukhin,* gergey V. Morozov,’
Leonid A. Ponomarenko," Kostya S. Novoselov,” A. K. Geim,™ and Roman V. Gorbachev'
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Figure 3. Height and broadening of the resistivity peak. (a) p(n) for
one of our devices. Inset: thermal smearing of the tip. (b) T
dependence of ¢ at the NP for three devices. The dashed line indicates
the ballistic limit; the dotted one is 4¢*/h. For the sake of generality,
no contact resistance is subtracted, which would result in slightly

higher values of oyp.




Sometimes: conductivity much lower than e?/h

[3] L. A. Ponomarenko, A. K. Geim, A. A. Zhukov, R. Jalil, S. V. Morozov,
K. S. Novoselov, V. V. Cheianov, V. I. Fal'ko, K. Watanabe, T. Taniguchi,
and R. V. Gorbachev, Nature Phys. 7,958 (2011).

Graphene encapsulated in hBN.
Strong sensitivity to screening by
another graphene layer, temperature
and magnetic field

n (10" cm=2)



week ending

PRL 110, 216601 (2013) PHYSICAL REVIEW LETTERS 24 MAY 2013

Insulating Behavior at the Neutrality Point in Single-Layer Graphene

F. Amet.' J.R. Williams.> K. Watanabe,” T. Tanieuchi.” and D. Goldhaber-Gordon”
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Also, graphene on hBN
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Power-law behavior with temperature

gonp o 1% with o =0.484



F. Guinea & MIK, PRL 112, 116604 (2014)

tunneling with dissipation

Overlap of the wave functions are suppresed by overlap
of the wave functions of environment (then, averaging over
the environment)

WIx(1).x(1)]

Transport via evanescent
waves Is tunneling

Nonlocal self-interaction

e-h pairs as thermal bath



Correction to the effective tunneling action

Screened Coulomb interaction Bare Coulomb interaction

SERGISIGIERENCI c (¢, w) = 1 + v, x,p(q, W)

q

X1p(q, @) ~ Ly X2p(q @) ~ Ly ——=
1D YAZD yqﬂ. v%qz—wz



Suppression of tunneling Y@~ ~T () 6—65
probability ( y) 0( y)

5S,. ~ Ly a7 10g(ﬁ for isolated graphene
G ™ 8mLy 42+« a

In the presence of metallic layer:

g = kgt

L3

4rtglL,



At finite temperatures the cut-off wave vector

PV EV(EE AR  \iagnetic field effects on diffusion!

FIG. 2. Temperature dependence of the inverse conductance, normalized to the non
interaction value, g, = e*/(wh), for L, = 4y, L, = 1. Red: Contribution from the

graphene excitations, §S;, eq. 6. Blue: Contribution from a metallic layer, 65, eq.
8. The two terms which describe the contribution from the metal, 6S,; and 65, are
shown in the inset. Green: diffusive part, 65, in eq. 8. Magenta: ballistic part, §5, in
eq. 8. The carrier density in the metal is n = 10'*cm™!, and the elastic mean free
path is £ = 100nm.
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28, FENRAY
Z(e — 1) cos(m + > e

ik " m=0

ing (¢ = m) is absent rigorously

(cf Klein tunneling)

s-scattering phase should be approx. constant at k — 0O; for a generic short-range
potential it vanishes as kR (cf. optics). Long-range (or resonant) scattering is
required

Justification of standard Boltzmann equation except very small doping:
n > exp(-moh/e?), or &1 >> 1/|In(k:a)|



Low-energy description:
Massive chiral fermions Riks

( V —(p—1i p}_,) 219m )
— (p.+ipy) 2191 .

Constant DOS, no difference between charged and neutral
Impurities: short-range potential, anyway

k=2me"N(Er)/ €

Screening radius is about 4.5
Interatomic distances



Radial wave equation:

2mV
- f [

2
h-

[+1\(d [+2 . 2mV
T f [ — k T - 2 g [
dr r h

O,(r)e’[‘i’ and f[(l”)é’ ) are spinor components




Beyond the range of potential — not only
scattered wave but also evanescent waves:

gi(r) = AL (kr) + t,Hy(kr) + ¢, K (kr)],

fir) = AlJ o (kr) + Tngigz(k”) + K o(kr)],

Symmetry property:

do ()
d¢b

> _ .
=— |t +2> t,cos[({+ 1)]
Tk [=0




For small wave vectors:
to(k) tends to a finite complex number

Resistivity estimation like for long-ranged
potential in the single-layer graphene.:

(h/ 482)7’11111_ % No logarithmic corrections!



Coulomb potential

Scattering phases are energy independent.

Scattering cross section o iIs proportional to 1/k
(concentration independent mobility as in experiment)
(Nomura & MacDonald, PRL 2006; Ando, JPSJ 2006 —
linear screening theory)

Nonlinear screening (MIK, PRB 2006); exact solution of
Coulomb-Dirac problem (Shytov, MIK & Levitov PRL
2007; Pereira & Castro Neto PRL 2007; Novikov PRB 2007
and others). Relativistic collapse for supercritical
charges!!!



ym
in ethanol

Almost no sensitivity
to screened medium
(ethanol, k = 25), glycerol,

field-effect

injhieigas water and to dielectric
constant of substrate

Graphene on SrTiOg:

Very large and strongly T-
dependent k (from 200-300
@RT to 5000 at T = 0)
Almost no temperature
dependence of transport




Explanation: clusterization of charge impurities???

For some charge impurities (e.g., Na, K...) barriers are low
(< 0.1 eV) and there is tendency to clusterization

EXp. review:
Calculations:

Simplest model: just circular cluster, constant
potential (shift of chemical potential

Correct concentration dependence, weakening of scattering in
two order of magnitude due to clusterization!



Positions t (top of C atom) vs h (middle of hexagon):
Covalent (neutral impurities usually have high barriers,
lonic (charged) impurities have lower barriers

T
S—

Resonant impurities
survive, charged
iImpurities form
clusters?
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Table 1I: Migration barriers AL and minimum energy site for
ionically and covalently bond impurities.

site AE (eV) site AFE (eV)

Still under discussions! _. i o o031 |[cllep 000
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Experiment: Au clusterization on graphene
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Gold cluster formation  Mobility increases, Dirac point shifts
on graphene (AFM)



Experimentally: exfoliated graphene is polluted by organic stuff; mobility
correlates with the forbidden Raman D peak

C-C bond or C-H bond:
resonant scatterers

e
WSROI

e~ 0.16eV
e —0.65¢V

Pollution by organics, C-C
bridges (one per 1000 to 10000
atoms Is enough); hidden from
STM!



Effective hybridization model

Parameters from DF calculations

y=21 for all kind of defects under consideration
E, = - t/16 for hydrogen and organic groups (C-C bonds)

E, = -t forfluorineand OH E, = (0 forvacancies



Boltzmann equation

+0.26eV

0
—0.003 -0.002 —0.001 0.001 0.002 0.003

Figure 2: (Color online) Conductivity o in the Boltzmann
approach as function of charge carrier concentration n. (in

units of electrons per atom) for different impurities: Impuri-
ties with hybridization V = 2t = 5.2eV and on-site energies
eq = —0.26, 0.26, and 1.7eV in concentration n, = 0.1%.

For symmetric
resonances

Confirmed by many
experiments (e.g., for
graphene on SrTiO,)

Asymmetry

o x (qo £ kpln k:pR.)2




The method:
Applications: bi- and trilayer
plasmons and EELS
bi- and trilayer, Landau spectrum
optics
plasmons in magnetic field
static screening and localization

Basic idea: calculation of evolution operator via Chebyshev
polynom expansion plus average over some random initial state

() =U[p(0) =™ |o(0)) e =352+ 23 ("3, T, ()

T (X) = cos[marccos(x)], x € [-11]

T,1 () + T, (X) = 25T, () o (H) = )T (H) = "2 T (B EES

T,(H)|¢)=|¢)
T,(H)|¢)=—iH|¢)
[a(H)[ @) = =2iHT, (H)|¢) + T, (H)[#)
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Midgap states and impurity band for hydrogen impurities
(left) and vacancies (right)



Kubo Formula :

CilIP,, 3,10+ 9,y (@)

o .(w)=lim
(@)= ]I (w+ig)Q

0,5 (@) = [ dte'"([3, (1), 3,])

P=e)rc'c,J =ilP, H]——leZt,J( —r)cc N = L

1+ eﬂ(H_lLl)

~fo .
Reo,, ()= lim ° 1_[ dte™ sin ot

e—>0"

x2Im(p|n. (T ,u)G'HtJ e [1-n (T, p)]J 5)

@ IS a random function as at calculations of DOS




— u=0.05t
(), 11
pu=0.15t
— u=0.2t
n=0.25t
— pn=0.3t
— u=0.35t

Random
Hydrogen adatoms

Experiment: defects or many-body?

0
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Kubo Formulawithw =0

of = 1
r{@—H jo dt E[JJ (t)+J(t)J ]}

_iEt ‘Je'HtJ‘g>]

Agrees with Boltzmann

&z equation far enough from
neutrality point and for small
enough defect concentration



PHYSICAL REVIEW B 88, 165427 (2013)

Quantum capacitance measurements of electron-hole asymmetry and next-nearest-neighbor
hopping in graphene

A. Kretinin,! G. L. Yu,2 R. Jalil,' Y. Cao,' F. Withers.,? A. Mishchenkcg,2 M. L. Katsnelson,” K. S. Novoselov,”
A. K. Geim,'? and F. Guinea™

e-h asymmetry AN/N

o
e
@
Q
<
B
S
g
3
g
3
—
S
3
G

"4 2024 0. 10. 20.
Carrier density (102 cm™®) Energy (eV)




PHYSICAL REVIEW B 92, 045437 (2015) JE " . :n-_'
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Fingerprints of disorder source in graphene h

Pei-Liang Zhao,'! Shengjun Yuar Mikhail 1. Katsnelson,? and Hans De Raedt!

Strong e-h asymmetry!
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f omer IR optics, Landay levels...
Rl scattering is quite different
from all other sources




Atomic coordinates from atomistic
ripples

MC simulations for thermal

x (nm)

FIG. 2. (Color online) Average displacements u(r) calculated as
discussed in Sec. II A. The color scale represents the Z component
of the average displacements ing from -3.0 A (blue) to
+3.0 A (red). The arrows, whose length has been multiplied by a
factor ten for better visibility, represent the in-plane components of
the average displacements



Scalar potential Vector potential
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FIG. 3. (Color online) Left panel: color plot of the scalar potential V() (in units of meV) calculated using Eq. (2) with g;=3 eV.
Central panel: the real part of the potential V,(r) (in units of meV) calculated using Eq. (3). Right panel: the imaginary part of the potential
V5(r) (in units of meV).




FIG. 4. (Color online) Top panel: fully self-consistent electronic

. o Fi ; : e 1012 o2y i .
density profile én(r) (in units of 10 ¢m™) in a corrugated
graphene sheet. The data reported in this figure have been obtained
by setting g1=3 eV, a..=0.9 (this value of a, is the commonly
used value for a graphene sheet on a Si0; substrate), and an average
Giv 7o 12 -2 s
carrier density 71,=0.8 X 10™~ c¢m™. Bottom panel: same as in the
top panel but for e..=2.2 (this value of a.. corresponds to sus-
pended graphene).

z (nm)

FIG. 9. (Color online) One-dimensional plots of the
self-consistent density profiles (as functions of x in nm
for  y=21.1 nm) for different values of  doping:
i,=0.8% 102 cm™ (circles), i1,=3.96X10'* ecm™ (triangles),
and 77,=3.17 X 10" cm™ (squares). The data reported in this fig-
ure have been obtained by setting ¢,=3 eV and a..=2.2. The inset
shows &n(r) (in units of 10'> cm™2) at a given point r in space as a
function of the average carrier density 7, (in units of 10'> ¢m™2).



Graphene on SIO2

x (nm)

FIG. 3: (Color online) Fully self-consistent induced carrier-
density profile n(r) (in units of 10" em™?) in the corrugated
graphene sheet shown in Fig. 1. The data reported in this
figure have been obtained by setting g1 = 3 eV, aee = 0.9,
and an average carrier density 7ic ~ 2.5x 10 ¢m™2. The thin
solid lines are contour plots of the curvature VZh(r). Note
that there is no simple correspondence between topographic
out-of-plane corrugations and carrier-density inhomogeneity.

~0.3  —0.15 0 0.15 0.3 x10'2



Scattering by random vector and scalar potential:

0) () (v)
p’ + Ap 0, + A

P pp’ %V

(epr — €r) (cos b, — cos Qp/)Q Wop \2

i o1l texp|—i(0, — 0,
Wop = Vopr© M 4

Lria@ | cx@ N oo (ip ORI
+ 5 Kflpp, + 'z,App,.) exp (—ifp) + (App, - -'z..App;) eXP (‘-z..f)pf)}




Estimations:

Self-consistent screening
approximation

“*Harmonic” ripples @ RT




/\ depends logarithically on k- and g*

Quantum theory: two-phonon processes
At high T roughly the same result
Strong sensitivity to the strains
via frequency of flexural phonons:

Quantitative results and comparison with experiment on freely
suspended samples:



Exper. data

Y
0(] 100 200 300 10 3 30 300
T(K) T (K)

FIG. 2: (Color online). Left: Contribution to the resistiv-
ity from cural phonons (blue full line) and from in plane
phonons ashed line). Right: Resistivity for different
amounts N e in plane contribution (bro-

T-dependence
-l T of mobility for
1. Mobility at RT cannot be " W two samples
higher than on substrate for

the flexural phonons only

50 100 150 200

2. It can be essentially T(K)
Increased by applying
a strain

Qualitative agreement between
classical and quantum theory @ RT



Three candidates to the main scattering mechanism (long range
IS necessary!!!)

Coulomb centers? (I personally doubt: no effect of high-kappa
environment, tendencies to clusterize for ionic impurities)

Ripples? (aka flexural phonons, probably the main mechanism
for suspended graphene). For graphene on substrate: need
guenching mechanism

Resonant impurities? Carbon-carbon bonds between garbage
and graphene (Strong electron-hole symmtery is a fingerprint)
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